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We investigate the effects of the anomalous magnetic moment (AMM) in the EoS of a fermion system in the
presence of a magnetic field. In the region of strong magnetic fields (B > m2) the AMM is found from the
one-loop fermion self-energy. In contrast to the weak-field AMM found by Schwinger, in the strong magnetic
field case, the AMM depends on the Landau level (LL) and decreases with it. The effects of the AMM in the
EoS at intermediate-to-large fields can be found introducing the one-loop, LL-dependent AMM in the effective
Lagrangian that is then used to find the thermodynamic potential of the system. We compare the plots of the
parallel and perpendicular pressures versus the magnetic field in the strong field region considering the LL-
dependent AMM, the Schwinger AMM, and no AMM at all. The results clearly show a separation between
the physical magnitudes found using the Schwinger AMM and the LL-dependent AMM. This is an indication
of the inconsistency of considering the Schwinger AMM beyond the weak field region B < m2 where it was
originally found. The curves for the EoS, pressures and magnetization at different fields give rise to the well-
known de Haas van Alphen oscillations, associated to the change in the number of LL contributing at different
fields.
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I. INTRODUCTION
As it is known, the equation of state (EoS) plays a crucial
role in determining the structure of neutron stars. The EoS
is configured from the star inner content and external con-
ditions as density, temperature, applied fields, etc. The fact
that magnetic fields of strength sufficiently large to affect the
matter state often exist in many compact objects, have moti-
vated many studies of magnetic-field effects on stellar EoS’s
[1, 2, 4–7, 9, 13, 16, 20–22, 24].
A magnetic field can affect a fermion system in various
ways. It produces the well-known Landau quantization in the
spectrum of the charged fermions. It leads to an anisotropy be-
tween the parallel and transverse pressures. It can couple with
the anomalous magnetic moment (AMM) of particles affect-
ing their spectrum and consequently influencing the physical
properties of the system. This coupling with the AMM can
affect even neutral particles, as neutrons, which have an ef-
fective AMM due to their composite nature. The study of the
effects produced by the AMM on magnetized neutron stars
has unveil some interesting features [2, 7, 9, 22, 24], as for ex-
ample, stiffening the EoS, a dramatic variation of the proton
fraction that at very high magnetic fields will lead to pure neu-
tron matter, etc. However, when considering potential AMM
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effects one should be careful of using values of the AMM that
are consistent with the region of magnetic field strengths to be
explored.
The AMM is commonly introduced via the so-called mini-
mal coupling with the external field τσµνFµν . For τ = κµB ,
with κ = α2pi and µB =
e
2m , it reduces to the well-known,
linear-in-field AMM found by Schwinger [23]. It is important
however to keep in mind that Schwinger’s radiative correction
to the magnetic moment is only valid at weak fields. Ignoring
this limitation can lead to an overestimation of the AMM ef-
fects or, as pointed out many years ago by Jancovici [17], to
wrong physical interpretations.
In this paper we calculate the one-loop radiative correction
to the AMM in the strong field region (m2 ≪ B ≤ µ2) and
analyze its contribution to the main thermodynamical quanti-
ties and the EoS of a magnetized system of charged fermions.
Just for comparison, and to underline the inconsistency of us-
ing Schwinger’s AMM beyond the weak-field approximation,
we include in our plots the results considering the AMM from
Schwinger.
Even though the Maxwell contribution to the pressure and
energy is important for applications to astrophysics, through-
out the paper we ignore this contribution as we are interested
here just in finding how the AMM affects the thermodynami-
cal quantities and this only comes from the matter contribution
to the thermodynamic potential.
The presentation is organized as follow. In Sec. II we
extract the AMM and mass contributions from the one-loop
fermion self-energy in the presence of a constant and uniform
magnetic field. Both the AMM and the mass one-loop cor-
rection depend on the Landau level (LL) l. In Sec. III, we
2present the fermion’s dispersion relations for an effective the-
ory that incorporates the interaction of the external magnetic
field with the AMM. We compare the dispersions consider-
ing the Schwinger AMM (beyond its region of validity) and
the LL-dependent AMM found in Sec. II. In Sec. IV the
thermodynamical magnitudes of the system in the strong field
region are obtained and compared with the ones found using
the Schwinger approximation for the AMM and zero AMM.
Finally, in V we state our concluding remarks.
II. AMM IN THE STRONG FIELD REGION
Our goal is to extract the AMM from the one-loop fermion
self energy Σl(p) in a theory of charged fermions interacting
with a constant, uniform and strong magnetic field (B > m2).
A constant and uniform magnetic field breaks the rotational
symmetry of the system to the subgroup of rotations O(2)
about the field axis. This explicit symmetry breaking is re-
flected in the general structure of the fermion self energy,
which, for a field arbitrarily taken along the third axis, can
be written as [10]
Σl(p) = Z l‖p
µ
‖γ
‖
µ + Z
l
⊥p
µ
⊥γ
⊥
µ +M
lI + iT lγ1γ2, (1)
with pν‖ = (p0, 0, 0, p3) the parallel and pν⊥ =
(0, 0,
√
2eBl, 0) with l = 0, 1, 2... the transverse momentum
components; Z l‖ and Z l⊥ the wave function’s renormalization
coefficients; and M l and T l the mass and anomalous mag-
netic moment that have to be determined as solutions of the
Schwinger-Dyson (SD) equations of the theory in a chosen
approximation.
For arbitrary Landau level l, the one-loop self-energy is
given by [11, 12]
Σl(p)Π(l)=−ie2(2eB)Π(l)
∫
d4q̂
(2π)4
e−q̂
2
⊥
q̂2
[Ll
+ Ll+1 + Ll−1], l = 0, 1, 2, . . . (2)
where
Ll = γ
‖
µG
l(p− q)γ‖µ,
Ll+1 = ∆(+)γ
⊥
µ G
l+1(p− q)γ⊥µ ∆(+),
Ll−1 = ∆(−)γ⊥µ Gl−1(p− q)γ⊥µ ∆(−)
(p− q)l = (p0 − q0, 0,−
√
2eBl, p3 − q3)
with
Gl(p) =
p · γ +m
p2 −m2 (3)
the fermion propagator, and
∆(±) = I ± iγ
1γ2
2
, (4)
the spin projectors. The operator Π(l),
Π(l) = ∆(sgn(eB))δl0 + I(1− δl0), (5)
appears because only one spin projection contributes to the
lowest Landau level (LLL). Here we are assuming, without
lost of generality, B along z and a positively charged fermion.
Normalized quantities, denoted with a hat, are defined by
q̂µ = qµ/
√
2eB. To find the expression (2) for the self-energy,
we summed in all the internal Landau levels and considered a
strong-field approximation.
Taking into account the algebra of the spin projectors
∆(±)∆(±) = ∆(±), ∆(±)∆(∓) = 0, one can readily ex-
tract the LLL (l = 0) contribution to Eq. (2), which after Wick
rotation (p0 → −ip4), becomes
(M0(p) + T 0(p))∆(+) = e2(2eB)
∫
d4q̂
(2π)4
e−q̂
2
⊥
q̂2
×
(
2m
(p− q)20 +m2
+
2m
(p− q)21 +m2
)
∆(+), (6)
Note that Eq. (6) reflects the fact that fermions in the LLL
have only one spin orientation, and as a consequence, it is
impossible to determine M0 and T 0 independently [11, 12].
For l 6= 0 we obtain
T l =
e2m
16π2
∫
dq̂2⊥e
−q̂2
⊥
 ln q̂2⊥m̂2+l+1
q̂2⊥ − m̂2 − l − 1
− ln
q̂2
⊥
m̂2+l−1
q̂2⊥ − m̂2 − l + 1
 , (7)
M l =
e2m
16π2
∫
dq̂2⊥e
−q̂2
⊥
 2 ln q̂2⊥m̂2+l
q̂2⊥ − m̂2 − l
+
ln
q̂2
⊥
m̂2+l+1
q̂2⊥ − m̂2 − l − 1
+
ln
q̂2
⊥
m̂2+l−1
q̂2⊥ − m̂2 − l + 1
 . (8)
In Eqs. (7) and (8) we already took the infra-red limit (p0 =
0, p3 → 0) and integrated in q̂2‖. Following the same steps in
(6) we find
M0 + T 0 =
e2m
8π2
∫
dq̂2⊥e
−q̂2
⊥
[
ln
q̂2
⊥
m̂2
q̂2⊥ − m̂2
+
ln
q̂2
⊥
m̂2+1
q̂2⊥ − m̂2 − 1
 , (9)
which in the leading strong-field approximation reduces to
E0 = M0 + T 0 =
α
4π
mlog2(m̂2). (10)
Fig. 1 shows the one-loop contribution of the AMM to the
fermion self-energy versus 2eB/m2 for l = 0, 1, 5 and for
Schwinger. Notice that just by increasing the LL in a few
units, the AMM becomes negligible. This is a consequence of
3the different sign between the two terms in (7), which tend to
cancel out with increasing l. In contrast, the Schwinger con-
tribution TSch = κµBB, which is linear in the field, increases
significantly, but this occurs in a region where the validity of
the linear approximation used to find this AMM is not correct.
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FIG. 1: Variation of the AMM contribution to the self-energy with
the field for different Landau levels. Notice that the AMM becomes
negligible just after a few levels. Considering the Schwinger AMM,
which is the same for all the levels, completely overestimates the
actual physical AMM value in the strong-field region.
III. DISPERSION RELATIONS
We can incorporate the vacuum quantum effects in the
fermion propagator by introducing the corrections coming
from the one-loop fermion self-energy, that is, the AMM and
the radiative correction to the mass. With these quantum cor-
rections, the dispersion relations of the fermions are found
from
detG−1l = det[p · γ −m−M lI − iT lγ1γ2] = 0, (11)
For l ≥ 1 they take the form
ǫ2σ,l = p
2
3 + [
√
(m+M l)2 + 2|eB|l+ σT l)]2,
l ≥ 1, σ = ±1 (12)
while for the LLL (l = 0) they become
ǫ21,0 = p
2
3 + (m+M
0 + T 0)2 (13)
In the weak-field case studied by Schwinger [23], the dis-
persion relation becomes
detG−1l = det[p · γ −m− κµBBσ] = 0, (14)
and the energy spectrum is
ǫ2σ,l = p
2
3 + [(m
2 + 2eBl)1/2 − κµBBσ]2 (15)
Notice that the dispersion relations based on Schwinger weak-
field results do not include the radiative correction to the mass.
They have been been used in this way in many works in the lit-
erature, and here we keep the same approach in order to com-
pare with the literature’s results and also to underline where
it may not be appropriate. For all the l > 0, ignoring the
quantum correction to the mass is actually fine, as this correc-
tion just enters as an addition to the fermion mass, and it is
negligible compared to the bare fermion mass.
A problem may appear however if one follows the same
approach with the LLL dispersion. As the Schwinger AMM
is independent of the LL, in the past some authors [3, 8, 19]
considered that the lowest rest energy of the fermions, which
would correspond to the LLL, should be
ε0Schw =| m− κµBB |, (16)
We do not agree that this is the correct expression of the LLL
rest energy in the Schwinger approximation, even if the field is
kept in the weak-field approximation where Schwinger AMM
is valid. As can be seen from (1), in the LLL the single
spin projection of the fermions makes it impossible to find
the AMM separately from the mass, so in this case both the
mass and the AMM corrections enter as a net correction to
the bare mass. This statement is independent of the field-
approximation considered. We will return to a detailed dis-
cussion of this issue in a future paper [15]. Since (16) has
been considered in the literature as the LLL particle rest en-
ergy and just for the sake of understanding, we will compare
ε0Schw with the LLL rest energy found within our strong field
approximation
ε0LLL =| m+ E0 |, (17)
to illustrate how much one may over- or under-estimate the
physical quantities when using the Schwinger AMM beyond
the region of validity of the linear approximation.
In Fig. 2 we plot ε0LLL and ε0Schw versus 2eB/m2 for strong
field values. As expected, the behaviors of ε0Schw and ε0LLL are
very different. If one mistakenly calculates the thermodynam-
ical quantities, using ε0Schw for the LLL rest energy of fermions,
all kind of wrong effects may arise. The problem becomes
more relevant with increasing magnetic field. At strong fields,
ε0Schw deviates completely from the correct LLL rest energy, as
this figure shows, so using it may lead to totally incorrect ef-
fects.
On the other hand, for the weak-field region, the influence
of ε0Schw in the physical magnitudes becomes more and more
significant when the field approaches m2, a region where the
validity of the weak-field approximation becomes rather ques-
tionable. On the other hand, we suspect that the use of (16) in
the thermodynamic potential may contribute to the reported
stiffening of the EoS produced by the AMM [5, 24]. One
should be careful then when doing astrophysical interpreta-
tions of the AMM effects if these two issues are not properly
addressed.
Notice that the threshold field marking the validity of the
Schwinger AMM approximation is B ≃ 1013 G for electrons
and B ≃ 1015 G for u quarks with current mass of 5MeV .
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FIG. 2: ε0 and ε0Schw versus 2eB/m2 for strong field values
IV. THERMODYNAMICAL MAGNITUDES
Let us find the impact of the AMM in the thermodynamical
magnitudes as particle density, energy density, magnetization
and parallel and perpendicular pressures. With this goal in
mind, we shall find the matter contribution ΩM to the ther-
modynamical potential of the theory, including the one-loop
radiative contributions found in Sec. II (and Schwinger again
just for comparison) and considering the system at finite tem-
perature and density
ΩM = −eB
β
∑
p4
∞∫
−∞
dp3
(2π)2
ln detG−10 (p
∗)
+
∑
σ±1
∞∑
l=1
∑
p4
∞∫
−∞
dp3
(2π)2
ln detG−1l (p
∗)
 , (18)
here p∗ν = (ip4 − µ, 0,
√
2eBl, p3) and β is the inverse abso-
lute temperature.
The thermodynamic potential ΩM (B, µ, T ) can be split
into a vacuum contribution ΩVM (B, 0, 0), which needs to be
renormalized and depends on the magnetic field, and a statis-
tical contribution ΩSM (B, µ, T ),
ΩM = Ω
V
M (B, 0, 0) + Ω
S
M (B, µ, T ). (19)
The renormalized vacuum contribution was found in [14]. In
the following derivations we neglect it, since we are interested
here in a region of fields 2eB < µ2 where the thermody-
namic contribution to the physical magnitudes is more impor-
tant than the vacuum one.
As mentioned in the Introduction, we are not including the
Maxwell term, since in this paper we are only interested in re-
porting how the thermodynamical magnitudes depend on the
AMM. However, we call attention that for any application to
neutron stars, the Maxwell contribution should not be ignored.
We take the zero temperature limit of Eq. (18), which is of
more interest for eventual applications to neutron stars, where
µ≫ T . The zero-temperature, statistical part then becomes
ΩS0M ≡ ΩSM (B, µ, 0)=−m
eB
4π2
[ΩLLL
+
∑
σ=±1
lmax∑
l=1
(
µ pσF − (ε0σ,l)2 ln
µ+ pσF
ε0σ,l
)]
, (20)
where
lmax =
I[
(µ−σT l)2−(m+Ml)2
2eB ], AMM,
I[ (µ−σκµBB)
2−m2
2eB ], Schwinger AMM.
(21)
where I[z] denotes the integer part of z.
In Eq. (20),
ΩLLL=
(
µ p0F − (ε01,0)2 ln
µ+ p0F
ε01,0
)
, (22)
is the LLL contribution, and
pσF=
√
µ2 − (ε0σ,l)2, p0F =
√
µ2 − (ε01,0)2,(23)
ε0σ,l =
|
√
(m+M l)2 + 2|eB|l+ σT l|, AMM,
|√m2 + 2eBl− σκµBB|, Schwinger.
(24)
Since we are approximating ΩM ≈ ΩS0M , the zero tempera-
ture matter contribution to the magnetizationM, particle den-
sity N , energy density, and pressures can be found from the
following formulas
M=−(∂ΩS0M /∂B) =
em
4π2
{
MLLL +
lmax∑
l=1
∑
σ=±1
µpσF
− [(ε0σ,l)2 + 2ε0σ,lCl] ln µ+ pσFε0σ,l
}
, (25)
N = −(∂ΩS0M /∂µ) =
m2
2π2
B
Bc
(
p0F +
lmax∑
l=1
∑
σ=±1
pσF
)
, (26)
E = ΩS0M + µN,
P‖ = −ΩS0M ,
P⊥ = −ΩS0M − BM,(27)
where
MLLL=µp0F −
[
(ε01,0)
2 + 2ε01,0C
0
]
ln
µ+ p0F
ε
(0)
1,0
,(28)
Cl=

B
Bc
l√
2l B
Bc
+1
+ σB ∂T
l(B)
∂B , AMM,
B
Bc
l√
2l B
Bc
+1
− σκµBB, Schwinger,
(29)
C0=
B
∂[M0(B)+T 0(B)]
∂B AMM,
−κµBB, Schwinger.
(30)
5where we have introduced Bc = m2/e.
V. NUMERICAL RESULTS
For the numerical results we concentrate in the region of
fields 0.1 < 2eB/µ2 < 1, which is consistent with all the as-
sumptions made in our calculations. In Fig. 3, Fig. 4 and Fig. 5
we plotted the normalized quantities M · B/µ4, E/µ4, and
P‖/µ
4
, P⊥/µ
4 respectively, versus 2eB/µ2 for three cases:
one containing the radiative contribution of the LL-dependent
AMM (Eqs. (7)-(9)), other with the Schwinger AMM, and an-
other without AMM.
In all the graphs we can see that as the magnetic field grows,
the plots using the Schwinger AMM differ more and more
from those with the LL-dependent AMM or with zero-AMM.
The last two practically overlap in the entire region, indicating
that for strong field, the AMM is not relevant for the thermo-
dynamical properties of the system.
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FIG. 3: Magnetization versus 2eB/µ2. Comparison between AMM,
Schwinger approximation of AMM, and without AMM cases.
With the exception of the magnetization, using the
Schwinger AMM underestimates the corresponding physical
magnitude. In all the cases, using the Schwinger AMM leads
to an overestimation of the relevance of the particle’s magnetic
moment in the thermodynamics of the system. When one uses
the consistent approximation for the AMM in the strong-field
region, the effect of the AMM in the EoS is practicably negli-
gible. This is in sharp contrast with the claims made at weak
fields [5, 24], where the AMM from Schwinger has been inter-
preted as responsible for the stiffness of the EoS. It is hard to
understand how the magnetic moment can contribute to make
the EoS stiffer at weak fields and do nothing at much stronger
fields. This is another reason that points to some potential is-
sues with the use of ε0Schw in the LLL dispersion, as already
pointed out.
VI. CONCLUSIONS
In this paper we calculate the one-loop radiative correction
of the AMM in the strong field region (m2 ≪ B ≤ µ2)
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FIG. 4: Pressures parallel and perpendicular versus 2eB/µ2, with
µ = 300MeV . Comparison between AMM, Schwinger approxima-
tion of AMM, and without AMM cases.
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FIG. 5: Energy density versus 2eB/µ2, with µ = 300MeV .. Com-
parison between AMM, Schwinger approximation of AMM, and
without AMM cases.
and analyze its contribution to the main thermodynamical
quantities and to the EoS of a magnetized system of charged
fermions. Just for comparison, and to underline the incon-
sistency of using Schwinger’s AMM beyond the weak-field
approximation, we include in our plots the results considering
the AMM from Schwinger.
Our main finding is that the AMM has a negligible effect on
the thermodynamical magnitudes of the system in the strong-
field region. We did not observe any stiffness of the EoS, not
even for the strongest fields considered. Our findings are at
odd with several previous literature results [2, 7, 9, 18, 22, 24].
On one hand, we underline that considering the Schwinger
AMM correction in the fermion propagator is only consis-
tent at very weak fields. Hence any conclusion reached by
using the Schwinger AMM at fields beyond m2 is simply in-
correct. Moreover, issues with the weak-field approximation
may even show up already when the field approaches the criti-
cal value eBc = m2, from below, so any conclusion based on
the behavior of the physical magnitudes in this region should
6be taken with a grain of salt. Finally, considering only the
AMM, but ignoring the radiative mass correction in the LLL
dispersion relation is inconsistent, because these two magni-
tudes are of the same order and enter as a shift to the bare
mass. Given that the stiffness of the EoS has been found pre-
cisely in the region close to the threshold field, where both
the weak-field approximation becomes less effective and the
LLL becomes more relevant, we suspect that they both are the
culprit behind the odd effect of the AMM in the EoS.
We admit that at this point all our claims about the issues
with the effects of the AMM at weak fields are just a hunch
supported by some hand-waiving arguments. In the near fu-
ture, we plan to do the calculations of the EoS in the weak-
field region using the Schwinger AMM and considering the
correct radiative contribution to the LLL dispersion relation
to corroborate or disprove our claims.
A.P.M and D.M.P A.P.M. thanks to A. Cabo and H. Perez
Rojas for discussions. The work of EJF and VI was par-
tially supported by Nuclear Theory DOE grant de-sc0002179.
The work of A.P.M and D.M.P. have been supported under
the grant CB0407 and the ICTP Office of External Activities
through NET-35.
[1] Bandyopadhyay, D., Chakrabarty, S., & Pal, S.: 1997,
PhRvL 79, 2176–2179.
[2] Broderick, A.E., Prakash, M., & Lattimer, J.M.: 2002,
PhLB 531, 167–174.
[3] Canuto, V. & Chiu, H.Y.: 1968, PhRv 173, 1220–1228.
[4] Canuto, V. & Ventura, J.: 1977, FCPh 2, 203–353.
[5] Cardall, C.Y., Prakash, M., & Lattimer, J.M.: 2001, ApJ 554,
322–339.
[6] Chaichian, M., Masood, S.S., Montonen, C., Pe´rez Martı´nez,
A., & Pe´rez Rojas, H.: 2000, PhRvL 84, 5261–5264.
[7] Chakrabarty, S.: 1996, PhRvD 54, 1306–1316.
[8] Chiu, H.Y. & Canuto, V.: 1968, ApJ 153, L157.
[9] Dexheimer, V., Negreiros, R., & Schramm, S.: 2012, EPJA 48,
189.
[10] Ferrer, E.J. & de la Incera, V.: 1998, PhRvD 58(6), 065008.
[11] Ferrer, E.J. & de la Incera, V.: 2009, PhRvL 102, 050402.
[12] Ferrer, E.J. & de la Incera, V.: 2010, NuPhB 824, 217–238.
[13] Ferrer, E.J., de la Incera, V., Keith, J.P., Portillo, I., & Spring-
steen, P.L.: 2010, PhRvC 82(6), 065802.
[14] Ferrer, E.J., de la Incera, V., Manreza Paret, D., & Pe´rez
Martı´nez, A.: 2013, ArXiv e-prints.
[15] Ferrer, E.J., de la Incera, V., Manreza Paret, D., Pe´rez Martı´nez,
A., & Sanchez, A.: 2013, Work in progress.
[16] Gonza´lez Felipe, R., Pe´rez Martı´nez, A., Pe´rez Rojas, H., &
Orsaria, M.: 2008, PhRvC 77(1), 015807.
[17] Jancovici, B.: 1969, PhRv 187, 2275–2276.
[18] Mao, G.J., Iwamoto, A., & Li, Z.X.: 2003, ChJAA 3, 359–374.
[19] O’Connell, R.F.: 1968, PhRvL 21, 397–398.
[20] Paulucci, L., Ferrer, E.J., de la Incera, V., & Horvath, J.E.:
2011, PhRvD 83(4), 043009.
[21] Pe´rez Martı´nez, A., Pe´rez Rojas, H., & Mosquera Cuesta, H.J.:
2003, EPJC 29, 111–123.
[22] Pe´rez Martı´nez, A., Pe´rez Rojas, H., Mosquera Cuesta, H.J.,
Boligan, M., & Orsaria, M.G.: 2005, IJMPD 14, 1959–1969.
[23] Schwinger, J.: 1948, PhRv 73, 416–417.
[24] Strickland, M., Dexheimer, V., & Menezes, D.P.: 2012,
PhRvD 86(12), 125032.
